Recently, sparse coding has been widely adopted for data representation in realworld applications. In order to consider the geometric structure of data, we propose a novel method, Local and Global regularized Sparse Coding (LGSC), for data representation.
Introduction
Over the past decade, data representation has attracted increasing attention in computer vision, information retrieval and machine learning. In many applications [1, 2, 3, 4] , processing high dimensional data in classification or clustering tasks is still a big challenge.
To improve the performance of classification or clustering, a common way is to seek a meaningful low dimensional representation of the high dimensional data by dimensionality reduction or matrix factorization approaches.
Principal component analysis (PCA) [5] and linear discriminant analysis (LDA) [6] are two widely used linear representation methods. The former is an unsupervised learning approach, which aims to preserve the global covariance structure of data. The latter is a supervised learning method, which extracts the optimal discriminant vectors when class labels of data are available. However, both of them can not discover the latent manifold structure among data. In the past a few years, many methods have been proposed to address this issue. Among them, the most representative methods are ISOMAP [7] , locally linear embedding (LLE) [8] and Laplacian Eigenmaps (LE) [9] . Although these manifold learning methods have achieved impressive results on data visualization, they cannot deal with the 'out-of-sample' problem. He et al [10] proposed a linear version of the LE, namely locality preserving projection (LLP), which can alleviate this drawback. Several data representation methods, such as local and global regressive mapping (LGRM) [11] , graph regularized nonnegative matrix factorization (GNMF) [12] , local learning regularized nonnegative matrix factorization (LLRNMF) [13] , locally consistent concept factorization (LCCF) [14] and local regularized concept factorization (LCF) [15] , have been developed to exploit the geometric manifold structure of data. Extensive experimental results have demonstrated the effectiveness of these techniques.
In recent years, sparse coding (SC) has shown great success in data representation and a range of applications such as image processing [16, 17, 18] , classification [19, 20, 21, 22] and visual analysis [23, 24, 25, 26] . Essentially, SC seeks to linearly represent a test sample by only a few training samples, which leads to the sparsity of the representation coefficient. To achieve sparse representation, many methods have been developed in the past few years, e.g. sparse PCA [27] , sparse NMF [28] and sparse low-rank representation [29] . However, in conventional sparse coding methods, a common drawback is that some prior knowledge of data has been neglected, such as the geometric structure information. Wang et al [30] presented a novel sparse coding method, called locality-constrained linear coding (LLC).
Furthermore, in order to preserve the spatial consistency, locally-invariant sparse representation were proposed by pooling the sparse coefficients across overlapping windows [31] . Mairal et al [32] introduced a simultaneous sparse coding method by jointly decomposing groups of similar signals on subsets of the learned dictionary, which was implemented using a group-sparsity regularizer. Zheng et al [33] proposed a graph regularized sparse coding (GSC) method for image representation. In GSC, the geometric manifold structure of data is taken into account by imposing the graph regularizer. Thus, GSC performs significantly better than the traditional sparse coding methods on several benchmark databases. However, GSC only utilizes the local manifold structure of data by the regularization technique, and neglects the global geometric relationship of data. Therefore, a better approach is expected to learn a lower-dimensional representation to preserve both local and global structure of data, which is beneficial for achieving promising performance.
Motivated by the recent progresses in sparse coding and manifold learning, in this paper, a novel method, local and global regularized sparse coding (LGSC), is proposed to represent the high dimensional data. Compared with traditional sparse coding methods, the proposed
LGSC not only considers the manifold structure of data by constructing a local regression predictor, but also preserves its global structure using a global regression regularizer.
Experimental results on several bench mark datasets have validated the proposed the effectiveness of the LGSC methods.
It is worthwhile to highlight the main contributions of this work as follows:
(1) We employ the local regression to model the local manifold structure, and simultaneously use the global regression as a regularization term to capture the global structure of data. In
LGSC, both local and global regression regularization terms are combined into an integrated regularizer, which captures the intrinsic geometric structure of real-world data;
(2) In LGSC, the integrated regularizer is incorporated into the traditional sparse coding method, which makes LGSC more discriminative. In addition, we develop an iterative update scheme to solve the optimization problem of the LGSC and present the convergence curve in this paper; (3) We conduct comprehensive experiments to analyse and compare our method with several state-of-the-art methods. The experimental results on real world image datasets demonstrate that the proposed method is superior to other data representation methods.
The rest of this paper is organized as follows. The sparse coding and GSC methods are reviewed in Section II. The proposed LGSC method is described in Section III. The optimization scheme of LGSC is introduced in Section IV. Experimental results are presented in Section V. Finally, conclusions are drawn in Section VI.
Related works
This section contains description of related works to the proposed approach, i.e. SC and GSC.
Sparse coding
Sparse coding aims to linearly represent a sample by a few atoms in a dictionary. 
where 1
 denotes the l1-norm of a vector. Since the l1-norm minimization problem in Eq. (2) is a convex optimization problem, it can be efficiently solved using existing software packages such as l1-magic [36] , PDCO-LSQR [37] and PDCO-CHOL [37] .
Graph Regularized Sparse Coding
Previous studies [7, 8, 9] have shown that manifold learning plays an important role in data representation. A natural assumption is that if two data samples are close in the original feature space, then their low dimensional representation should be close to each other in the new representation space. This is usually referred to as the manifold learning assumption.
Using graph regularization techniques, GSC can discover the latent manifold structure of data. 
where  and  are the regularization parameters. The optimization problem in Eq. (4) can be solved by the feature search algorithm proposed in [38] .
3 The proposed method
We start this section by discussing the motivation of our work. Then we introduce the proposed LGSC method in detail.
Motivation
Sparse coding is a typical data representation method based on an over-complete dictionary. Most of sparse coding methods, however, fail to make full use of the geometrical structure of data. In fact, the intrinsic structure of data is unknown and complex in many realworld applications. Thus, a single global or local graph may be insufficient to characterize the underlying geometrical structure of data. A reasonable approach should integrate both local and global structures of data in the representation step.
Previous studies [7, 8, 9, 10, 12] have shown that modelling the local geometrical structure has achieved great success for data representation. Therefore, we employ the local regression regularization term to discover the latent geometric structure among data.
Specifically, the complete data space is divided into a multitude of local regions. Each sample can be well predicted from the local region it belongs to. This is usually called local learning assumption [39] . One drawback of pure local learning, however, is the lack of data points in each local region for constructing a local classifier. To deal with this issue, we further exploit a kernelized global regression method to capture the global geometric structure of data.
According to reference [11] , we introduce a local and global regularization term to capture the intrinsic geometric structure.
In the following subsection, details on the local and global regularization are described.
Local and Global Regularization
Given a data set can compute the sum of the prediction errors of all data as follows:
This equation is called Local Learning Regularization.
To capture the global geometric structure of data, we employ kernel regression to represent each sample. The global empirical loss function global J can be expressed as follows:
where ()   denotes a kernel mapping function, b is a bias term. Here, Eq. (8) is called Global Learning Regularization. Combining Eq. (7) and Eq. (8), the local and global regularization term can be written as
where  is used to balance the importance of the local and global structure of data. Let ( 1 ) for any matrix M, the local regularization term in Eq. (10) can be rewritten:
By taking the partial derivative of Eq. (11) 
Let 0 (14) and Eq. (15) into Eq. (6), we get
xi is the j-th element in Ni, and Qij=0 otherwise. It is easy to see that
T ii
A Q A  and thus Eq.
(16) can be reformulated as:
Meanwhile, the local learning regularization in Eq. (7) can be reformulated as
Similarly, the second term in Eq. (9) can be written as
where K needs to satisfy Mercer's condition. 
local global local global
The Eq. (26) is called local and global regularization.
Objective function of LGSC
To incorporate the local and global structure of data into sparse coding, the proposed
LGSC is applied for data representation by imposing the local and global regularization term in Eq. (26) . Thus, the objective function of LGSC can be defined as follows: 
Clearly, the objective function of LGSC is similar to GSC. Thus, we can adopt the same solution scheme to optimize the model in Eq. (27) . Obviously, the objective function of
LGSC is nonconvex with respect to the product of S and A. Fortunately, the dictionary S and its corresponding coefficient A can be updated alternately in the optimization process. In the next subsection, we will introduce the optimization method of the proposed LGSC in detail.
Optimization

Updating the dictionary S
In this subsection, we describe a method to learn the dictionary S. Fixing the coefficient matrix A, the optimization problem in Eq. (27) (31) Similar to GSC, the optimization problem in Eq. (31) can be solved by the feature-sign search algorithm proposed in [33, 38] .
The proposed LGSC algorithm
According to the above description, the algorithm of the proposed LGSC is summarized as follows. Step 5: Update the coding coefficient A using feature-sign search algorithm to solve the optimization problem in Eq. (31);
Step 6: End for Output: dictionary S and corresponding coefficient A.
Experimental results
In this section, we present some experiments on three data sets (ORL, Isolet and USPS) to demonstrate the effectiveness of the proposed method. Note that the proposed LGSC method is an unsupervised learning method for which the label information of data is unavailable.
Thus, clustering experiments are naturally carried out to validate the effectiveness of the proposed method. In the experiments, the accuracy and normalized mutual information are used to measure the quantitative performance of different data representation methods. To test the validity of the proposed LGSC method, we compare the performance of LGSC with some other methods, such as K-means, PCA, Ncut, SC, Sparse Concept Coding (SCC) [21] and GSC.
Evaluation criteria
In this paper, accuracy (AC) and normalized mutual information (NMI) are used to measure the performance of different methods. Given a data point i x , let i r and i s denote the cluster label calculated from the proposed algorithm and the label provided by the real dataset, respectively. The AC can be defined as follows: In this experiment, we arbitrarily chose images in P(=30, 32,…,40) categories to evaluate the proposed method. For each P value, we ran the experiment for 10 times and then list the average performance as the final result. For the proposed method, we use the Radial Basis Function as the kernel function whose standard deviation is set to 2. Table 1 shows the accuracy and normalized mutual information of all methods. Note that the average AC and NMI of GSC reach 59.9% and 74.6%, respectively. Meanwhile, the average AC and NMI of SCC are 54.9% and 72.4%, respectively. It can be observed that GSC and SCC perform better than SC on this dataset, as both GSC and SCC can discover the latent manifold structure of data. It is worth noting that GSC uses the manifold structure information of data as a regularizer. SCC, however, incorporates it into the basis vectors by spectral analysis. In addition, we can see that the proposed LGSC consistently outperforms the other methods on all configuration of cluster number P. The reason is that LGSC further captures the global structure information of data compared with GSC and SCC. 
Isolet spoken letter recognition database
Isolet spoken letter database contains 150 subjects who spoke the name of each letter of the alphabet twice. The speakers were grouped into sets of 30 people each, and the groups were named isolet1 through isolet5. In our experiment, we adopted isolet1 as the test data for the clustering task.
In Isolet1 dataset, we randomly selected P categories samples to evaluate all methods.
Similarly, we also ran the experiments for 10 times on each P value for every method and recorded the average performance. For the proposed LGSC method, the Radial Basis Function is used as the kernel function and the kernel parameter is set to 2. The average results of all methods are shown in Table 2 . It can be seen that the proposed LGSC method performs significantly better than the other methods in terms of accuracy or normalized mutual information. Specifically, SCC and GSC are superior to K-means, PCA, Ncut and SC.
The reason is that both SCC and GSC consider the sparsity of data and the manifold geometric structure of data simultaneously. Compared with SCC and GSC, the proposed
LGSC further utilizes the global structure information of data, and hence achieves the best result in the clustering task. 
USPS handwritten digit database
USPS handwritten dataset contains 9298 handwritten digit images. In this experiment, we randomly chose 200 handwritten digit images from each category as the experimental subset.
Since the size of each image is 16×16, we resized each image to a 256-dimensional vector.
Some handwritten images are shown in Fig. 2 .
Fig.2 Sample images from the USPS database
Following the strategy used in the previous experiment, samples in P (=5, 6,…,10)
categories were randomly selected from the subset and used to evaluate the performance of all methods. Meanwhile, we also used the same kernel function as in the previous experiments. The setting of kernel function is the same as the above experiments. We ran all methods for 10 times on each P value, and then recorded the average results in Table 3 . Note that the performance of GSC is superior to that of K-means, PCA, Ncut and SC. The possible reason is that GSC takes both the manifold structure and sparsity of data into account by using the regularization technique. Compared with GSC, the proposed LGSC method further makes full use of the global geometric structure of data. Therefore, LGSC can obtain better performance than GSC in clustering. In the above experiments, the regularization parameters are empirically set to 0.1. In
LGSC, there are two important parameters to be set in the objective function, i.e.  and  .
In this subsection, we present some experiments to evaluate the performance of the proposed
LGSC method with various parameter values. Fig. 3 shows the performances of all methods with different regularization parameter .
In this experiment, the parameter is tuned among the set   we ran the experiments for 10 times and then recorded the average time cost. Table 4 shows time costs of four sparse coding based data representation methods. Form Table 4 , we can see that the efficiency of SCC is the best among all the methods. This is because SCC only needs to solve two regression problems, and hence is much faster than other methods which use the iterative update algorithms to optimize their models. In addition, it is clear to see that GSC and LGSC need more time to solve the optimization problem in comparison with SC. A main reason is that GSC and LGSC need to construct and compute the regularization terms.
Obviously, a significant difference between GSC and LGSC is to construct a different regularization term. In GSC, we need O(n 3 + n 2 k) time to construct the k-nearest neighbor graph and compute the Laplacian matrix, where n is the number of samples and k denotes the cardinality of the nearest neighbors, respectively. Meanwhile, LGSC requires O(n 2 m+n 3 k 2 )
time to construct the local and global regularization term, where m is the dimensionality of the sample. Therefore, LGSC needs a little bit more time to construct the regularization term.
However, in LGSC and GSC, the time costs on constructing the regularization terms are far less than those of the optimization procedures. Actually, it can be seen that LGSC and GSC are similar to each other in efficiency from the results in Table 4 . 
Discussion
Based on the experimental results on three real databases, we can have the following observations and discussions:
(1)As can be seen, the AC and NMI of GSC are superior to SC in all three experiments. It is reasonable because GSC incorporates the graph regularization term into traditional sparse coding method. Thus, it makes the learned sparse codes change smoothly along the geodesics of the data manifold, and the locality of the data space is preserved in low dimensional space.
Compared with its competitors, GSC can provide better representation of data in new feature space.
(2)From Tables 1, 2 and 3, we can clearly see that the proposed LGSC method achieves the best performance in all cases. This is because LGSC not only considers the local manifold structure information and the sparsity of data, simultaneously, but also exploits the global structure information of data by the global regression regularizer. Thus, LGSC can capture the intrinsic geometric structure of high dimensional data. The experimental results also demonstrate the effectiveness of the proposed LGSC. Note that this observation is consistent with our motivation.
(3) For the LGSC method, two important parameters have to be set. From the experimental results on all cases, it can be seen that the proposed method can obtain relatively stable performance with a wide range of values of these parameters. Thus, they manifest that the proposed LGSC method is insensitive to these parameters.
Conclusions and Future Work
This paper presents a novel method, called local and global regularized sparse coding (LGSC), for data representation. In LGSC, the latent geometric structure of data can be discovered by the local and global regularization methods. Specifically, the local regression regularization method is used to grasp the local intrinsic structure information. Meanwhile, we employ a kernelized global regression to regularize the model and preserve the global geometric structure of data. In addition, the proposed LGSC also takes advantage of the sparsity of data by enforcing l1-norm regularizer on coefficient. Extensive experiments have been conducted on three benchmark datasets and have shown the effectiveness of the proposed LGSC.
However, several issues remain to be investigated in our future work. On the one hand, many norms, i.e. nuclear norm, l1-norm, have been developed to measure the reconstruction error, which have demonstrated higher robustness than the Euclidean distance in many cases.
Thus, one of the future tasks is on how to measure the error for the contaminated data. On the other hand, kernel tricks have been widely adopted in pattern recognition. A kernel version of
LGSC can be easily extended from the linear version to deal with nonlinear data. Finally, another work is that the local and global regularizer will be applied for other methods, such NMF, CF and low rank representation (LRR).
